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PART 2. EXPERIMENT
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/
SUMMARY

The vibration transmission characteristics of hydrodynamic bearings have been
investigated at frequencies well above the out of balance frequency. Part 1 of
this report developed theLzies to predict the linear transfer functions of
bearings and to examine the effects of non linearities in modulating the
response to external forces. This part of the report describes an experimental
investigation on a bearing test rig aimed at validating the theories.

It is concluded that'i) bearings are not always rigid to vibration, the
frequency range over which rigidity applies being determined by the bearing
parameters; ii) Transfer functions across the bearing in the direction of the
applied force are reciprocal'and iii) The bearing can introduce modulation in
the response to a single-frequency force. .
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1. ITOUTO

In the past little work Deems to have been directed at bearing
transmission properties and conflicting conclusions have been reached. Whereas
White (1] concluded that the bearings are rigid, Kinns (2] assumed that the
oil film inertance is low compared with that of the bearing so that the
housing response to excitation due to out of balance is very much less than
that of the rotor. One aim of this work was to resolve such differences of
opinion.

A second aim of the work was to investigate the modulation of vibration
induced by non-linear effects on transmission across the bearing. It has been
suggested that such effects could account for the shaft rate modulations which
have been observed on various gear tones on marine gearboxes (3].

Part 1 of the report of this work (3, also described in 4] reviewed
previous work which had been directed mainly at bearing behaviour around shaft
rate and developed the theory to describe the vibration properties of "long"
and "short" 360; and ISO; hydrodynamic bearings at frequencies well above
shaft rate. The case of the "long" 360i bearing was considered in more detail
to assess i) the effects of perturbations on the bearing surfaces in
generating vibrations within the bearing. ii) the linear transfer functions
and iii) the ef fects of non-linearity in modulating the transmitted
vibrations. It was concluded that
i)if the surface roughness is described as a series of harmonic terms in
azimuth angle then for low eccentricity bearings only the low harmonic
components will generate significant forces within the bearing,
ii) the bearing is rigid in the direction of the applied force at frequencies
above shaft rate unless a) the bearing stiffness is low compared with that of
the housing, (if the housing behaviour is governed by its stiffness) or b),
the bearing stiffness is low compared with the housing mass multiplied with
the shaft and forcing frequencies (when the housing behaviour is governed by
its -as))
iii) the sidebands due to modulation will be some SOdB or more down on the
fundamental when the bearing is very stiff.

This report reviews previous experimental work on bearing vibration
characteristics (section 3) and describes a test rig which has been built to
measure the transfer functions and to investigate the occurrence of modulation
(section 4).

The structural properties of the rig When static and the bearing
parameters when running at different shaft rates are explored (sections 6 and
7). These results are used to predict the linear transfer functions of the
test bearing using the theory developed previously [3,4] (section 8). Measured
linear transfer functions are presented and compared with these predictions
(section 9) and the occurrence of modulation is investigated (section 10).
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2. N.2MTiI

R Test bearing radius

L Teat bearing length

c Teat bearing clearance

mj Journal masa

mh  Housing mass

k Housing stiffness

K Bearing stiffness K=A/2c

F0  Static load (mWg)

w Angular frequency of dynamic force

n Angular frequency of journal

U Tangential velocity of journal. U-Rn

n Eccentricity ratio

p Density of oil

7 Kinematic viscosity of oil

A Absolute viscosity of oil g-p-n

A 12MR3Lv/c 2

Q Oil flow rate

PO Oil feed pressure

h O11 film thickness h-c(l+n con 9)

xj, yj Displacements of journal

yj, h Displacements of housing
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3. REVEW OF PREIU EPIMENTAL INVESTIGTIONIL.

A comprehensive review of work on the dynamics of fluid bearings up until
1965 is given in [5] and need not be repeated here. It is sufficient to say
that this early work established the major sources of vibration in
hydrodynamic bearings to be rotor unbalance and fluid film whirl. (These
effects are briefly described in Appendix 1.) Since 1965 researchers have
continued to concentrate on these effects while very little work seems to have
been done on the transmission of vibration across the bearing.

Although the results of previous work are not always of direct relevance
to the present study the experimental test rigs used provide useful ideas,
some of which have been incorporated in the design of the test rig for this
investigation. it therefore seems appropriate at this stage to consider
briefly some of the preceding experiments.

BQLHES 71 investigated the frequency and amplitude characteristics of steady
oil whirl both theoretically (using the stiffness and damping coefficients of
the oil film for the "long" and "short" 3600 bearing) and experimentally. He
used a perspex bearing and journal for simple manufacture and reduced
extraneous stiffness by employing a special drive coupling and by eliminating
oil seals. The bearing had a length to diameter ratio of around unity and a
large clearance ratio was used to reduce the temperature of the lubricant. To
ensure a full film at high eccentricity low bearing pressures were used. The
oil was gravity fed into a central circumferential groove and allowed to run
out at the bearing ends, this meant there was a large axial component to the
oil flow so that the short bearing approximation applied.

DWIS~R.[BJ investigated the orbital response of 1209 partial bearings to
out of balance forces of varying frequency and considered the effects of
misalignment. He concluded that non-linearities in the bearing coefficients
had to be accounted for to effect agreement between theory and experiment.

The main features of the experimental test rig are shown in Figure Ia.
The dynamic loading was provided by a system of out of balance forces inside
the test journal; this consisted of two sets of out of balance masses attached
to rotating discs on an inner shaft supported on ball bearings and driven
independently of the test journal to provide out of balance forces at varying
frequencies. The static loading and misalignment were applied by pneumatic
pistons at both ends of the bearing. Displacement probes were used to sense
the orbit of the test journal.

WHT i measured the transfer characteristics of various types of bearing
including 360- hydrodynamic bearings and concluded that under normal operating
conditions such bearings would have no effect on the transmitted signals.

The test rig used a three bearing configuration as shown in Figure lb.
the reaction load for the central test bearing being taken symmsetrically by
the outer support bearings. To allow the latter to support the journal at low
or zero speed and to minimise extraneous vibrations pressurised hydrostatic
bearings were chosen.

A static load was applied to the test bearing housing by means of a
loading frame with strain gauges attached and the dynamic load was applied to
the housing through a force transducer by using an electrodynamic shaker.
Proximity probes installed in the bearing housing allowed the shaft orbit to
be monitored but dynamic displacements of the shaft were too small to be



measured in this way. The transfer response was therefore measured at the
support bearing housing; the test bearing transfer characteristics were
deduced by correcting the measured response to allow for the response of the
rest of the rig which was measured with the test bearing depleted of oil.

pAM jgj used a similar test rig to that of Whlite [7] to investigate the
non-linearities of the oil film coefficients. In this case torsion wires were
used to provide vertical and horizontal static loads on the test bearing with
the corresponding dynamic loads being applied through electromagnetic shakers.
Oil was supplied to the centre of the test bearing and allowed to drain
through the ends. Transverse locating wires were used during dynamic tests to
prevent axial motion of the bearing housing relative to the shaft.

?lAgL~anA ROQKA L&j. investigated the synchronous unbalance response of a
flexible rotor in different types of fluid film bearings. The test rig
consisted of a flexible shaft with three closely mounted discs located mid-way
between two bearing supports. The main interest of this work was in the
effects of shaft flexibilIity mince this is an important factor affecting the
operation of industrial machinery which had previously received little
attention in bearing studies.

C~QJ WV~DKQ=SA ] lW assessed the effectiveness of squeeze film damper
bearings in reducing the rotor vibration amplitude and the force transmitted
to the bearing housing. In its simplest form the squeeze film damper bearing
consists of a fluid filled annulus around the outer race of a rolling contact
bearing; this race is prevented from rotating but can orbit around the centre
of rotation "squeezing" a pressure film ahead of it. (The squeeze film effect
is discussed in section 2 of Part 1 [3].) This work has a close but not direct
relationship to the present study of hydrodynamic bearings.

The test rig consisted of a flexible shaft with a steel disc situated
midway between two rolling contact bearings with interchangeable squeeze film
dampers. Rings with equispaced holes were attached to either side of the disc
in order to facilitate balancing.

This is by no means a complete discussion of the relevant experimental
work but it does indicate that the vibration transmission characteristics have
not received much attention and provides useful experience for building a test
rig for this purpose.
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4. =MI2Q BAING T"EST RIG

Since the aim of the work Was to isolate the transfer characteristics of
the bearing, the test rig was designed so far as possible to minimise the
effects of extraneous transmission mechanisms. it was decided that a three
bearing configuration like that used by White [1] should be avoided due to
possible complications introduced by the transmission of the vibration through
the rotor and across the support bearing. An arrangement similar in concept to
that used by Bannister (8] was therefore adopted.

The test rig is shown in Figure 2 and Plates 1 and 2. It consists
essentially of a plain bearing machined out of a solid steel block which is
supported on an "A" frame construction mounted on the test bed. The bearing
supports a journal which is belt driven from a variable speed motor using a
system of two symetrically placed belts at each end of the rotor. The shaft
rate was measured using an optical tachometer.

In order to allow a known dynamic force to be applied to the journal
within the length of the bearing, the journal was hollow and, since the force
could not conveniently be applied to a rotating surface, a stationary hollow
shaft supported by an inner bearing was inserted. Although the transfer
functions would now be measured across two bearings, the inner bearing was
made very stiff compared with the test bearing so that transmission effects
across the former could be neglected. As a precaution, displacement probes
were inserted to measure the relative displacement across the inner bearing to
verify that any movement was comparatively small.

Lip seals were used at the ends of both bearings; these were intended to
suppress axial flow of the oil so that the "long" bearing approximation could
be applied. The oil was gravity fed via inlet holes into the bearings from a
commnon supply about a metre above the rig and was allowed to drain from the
inner bearing via holes in the rotor and then from the test bearing through
pairs of circuferential grooves. Two types of oil were used with widely
differing viscosities in order to allow variation of the oil film stiffness.
These were a Naval diesel lubricating oil, SAE 30, - with joint service
designation OHD1l3, and a general purpose lubricating oil - designation 014 13.
The temperature of the oil was monitored by thermocouples placed at the inlet
to the test bearing and at the combined outlet.

A variable static load was appl ied symmetrically to the ends of the
stator via W mounts .4 dynamic force was applied through a force transducer to
the inside of the stator via a pivoted lever driven by a shaker standing on
the test bed. In order to investigate reciprocity a second dynamic force was
applied at the top of the housing but this had to be off-centred due to the
driving mechanism. The accelerations were measured on the inner stator and
housing block as indicated in Figure 2 and, so long as the inner bearing and
the housing behaved rigidly, these were taken to represent the responses at
the bearing surfaces.

The basic design parameters for the test rig are listed in Table 1.

*I0



TABLE 1. I"G PAR =IWERB OF BEARING TEST RIG.

Test Bearing Radius R 5.O0m

Length L l0.0oc

Clearance c 0. 500

Inner bearing Radius 3.5cm

Length 10.00M

* Clearance 0. 0M*

Stator inner radius 2.9cm

Housing mass 'h 44kg

Stator mas 5kg

Effective journal mas m 20kg

Loading mass below mounts m, "low load" 12kg

"high load" OND113 62kg

OND13 32kg

Total static load F -(i+mn)g "low load" 3204

"high load" 01O13 820M

0tD13 620

Diameter of oil inlet hole D 5.0m

H Housing stiffness k 3.2x107 6m- 1

V

k 1.2xlo 7 M;-
X

clearance decreases on running rig due to thexual expansion of metallic
components. See Table 3 for estimated values under running conditions.

An measured from point inertance.

4 Nominal, can be varied.
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5. IiTR11R1PTATION AND ANALYSIS

The measurement chain is shown schematically in Figure 3. The swept sine
wave technique was used for the transfer function measurements in order to
eliminate extraneous non-linear effects. The analyser was a Solatron 1250
Frequency Response Analyser under the control of a Tetronix 4051 computer.
Inertance data were plotted on line and stored to cassette. A Genrad 2508
Signal Analysis System was used to monitor the force and acceleration signals
(ISAP software); this analyser was also used for the modulation investigation.

A steady input force of around 1ON (which could be increased to a maximum
of around 30N) was used when forcing on the housing; the push rod to the
housing caused a resonance at around 2800Hz, but this was outside the
frequency range of interest. When forcing on the journal a compressor was
required to keep the input force at a steady level of up to around 20N; above
500Hz the compressor was no longer able to control the system and the force
level rapidly fell (passing through a resonance at around 800Hz due to the
lever system) to around IN at 1000Hz.
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6. SRUCTURAL PROPERTIES OF ATIC TEST RIG,

Transfer function measurements were made on the test rig at various
stages of assembly in order to characterise the dynamic behaviour and
establish any limitations in its range of application.

For these tests the rig was exited at a point centred on the top of the
housing using an input force of around 5N; the transfer functions to several
representative points were measured for frequencies between lOHz and lOkHz.

In addition, a modal analysis was performed on the assembled rig using
Modal Plus software on the Genrad 2508 Signal Analysis System. In this case
the input force (white noise with low ana high frequency components filtered
out) was applied off-centre on the top of the housing to avoid excitation at a
nodal point and the triaxial responses were measured near the corners of the
housing.

The point inertance at both excitation points are shown in Figure 4 for
the fully assembled rig. The resonance at 114Hz is due to the rigid body
motion of the rig in the vertical direction. Below this resonance the
inertance corresponds to the vertical housing stiffness measured as k - 3.2 x
107 Nmi- and hence the stiff housing approximation applies. Above the
resonance the inertance is determined by the combined mass of the block,
journal and stator (but not the isolated static load) up to around 2kHz and
hence the massive housing approximation applies.

It is worth noting that a resonance at v(housing stiffness / journal
mass) predicted using the stiff housing approximation will never be observed
in the real system since this prediction assumed the housing mass could be
neglected. In th' true system the frequency is shifted to V(system stiffness /
system mass) and corresponds to the resonance at 124Hz.

The housing loses its rigidity at around 4kHz where the first flexing
resonance of the housing block occurs. This puts an upper limit to the useful
range of measurements.

Several lesser resonances were identified which are not all apparent in
Figure 4 and are not expected to affect the investigation; these are
summarised in Table 2. Using the lateral resonance at 67Hz the lateral housing
stiffness was estimated as 1.2 x 10 - 7 N - 1 .

It was concluded from these preliminary measurements that the test rig
was suitable for assessing the validity of the theory in the frequency ranges
20Hz to 100Hz (stiff housing approximation) and 200Hz to 200OHz (massive
housing approximation). The low frequency region (below 20Hz) was limited by
noise due to difficulty in applying sufficient force at these low frequencies.

15
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TABLE 2. BEARING TEST RIG STRUCTURAL RESONANCES.

MQUENCY Hz SOURCE

67 Transverse translation

114 Vertical translation

177 Rotation in yz plane

191

'77l

306 Rotation in xz plane

4300 Flexing

Additional effects:

34 (22;15) Isolating mount resonance with 12kg (32,62kg) mass

loading

950 Stator resonance - heavily damped on introduction

of oil

2000 - 2500 Resonances associated with rotor and seals -

heavily damped on introduction of oil.

17
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7. &lEAUQPARHMSL

The test rig was run at shaft rates from 5Rz to 25Rz. The temperature
measured at the oil outlet increased rapidly initially until reaching a
"plateau" region where it continued to increase slowly but without stabilising
completely within the time for which the rig could be run. Transfer function
measurements were performed while the temperature was on this "plateau" region
and the oil temperatures at the inlet and outlet were recorded both at the
start and finish of the runs. The mean temperatures recorded over all runs
are shown to the nearest degree in Table 3 for runs at 5, 10 and 20 Hz
together with the associated standard deviations. The effective temperatures
within the bearing were estimated (section 8.3 of (13]) using

Teff - Tinlet + 1/2 (Toutlet - Tinlet)

The kinematic viscosities of the oils were determined from the effective
temperatures using Figure 5 (taken from [12]) and hence the absolute
viscosities were determined using the mean measured densities (Table 3).

The clearance of the test bearing was estimated from the oil flow rate at
the inlet using the method recommended by Cameron (13, chapter 7] - see
Appendix 2. The component from the inner bearing was eliminated for these
measurements by clipping the supply to this bearing after stopping the rotor
and the resulting flow rates are shown in Figure 6 as functions of the
temperature at the oil inlet. Estimates for the clearance are shown in Figure
7 and show similar results for both oils as required; The "eye-average" line
drawn through these results was taken as the standard curve. Unfortunately,
however, since the design clearance is 0.5fm. at room temperature, it would
seem that the predictions are too large by a factor of 2. Although this factor
could not be accounted for, the clearances which are listed in Table 3 for the
operating rig have been renormalised on the assumption that the design
specification was met. The agreement obtained between measured and predicted
transfer functions (Sections 8 and 9) seems to justify this renormalisation.

The eccentricity ratio was estimated with the aid of Figure 9 by
equating the static load F0 to the steady oil film force:

12ff ;LR3 Ln 0
F0 2 Eq 1.19a of (4]c2( 2+n2 )(1-nn2 ) 1/2

Ann0

( 2+n 2 )(l-n2 ) 1/ 2  0
0 o

Raving established the bearing parameters under different running
conditions, values could be estimated for the oil film stiffness and damping
parameters. The short 3600 bearing approximation was used since the bearing
had a WD ratio of unity and was fed through a central hole and drained at the
ends; This meant an axial flow was likely to be dominant. The estimates for
low eccentricity bearings are summarised in Table 3 while the estimates shown
in Figure 9 include the effects of eccentricity, The stiffness coefficients
are of the order of 10 7Nm- l when using OND 113 oil and 10 6NM-1 when using ON
13 oil. Thus in the former case the bearing stiffness is estimated to be of
the order of that of the housing ( K k )while for the latter case the
housing is more stiff ( K < k ).

18

- .-.------



It should be noted that the shaft rate dependance of the bearing damping
coefficient is due to the reductions in the viscosity and clearance as a
result of the increase in temperature at higher shaft rates . This sam
dependance is reflected in the stiffness coefficients and modifies the direct
dependance on the shaft rate.

Table 3 indicates the effect of bearing temperature variability on the
stiffness and damping parameters (for low eccentricity) at the specified shaft
rates by showing the estimated values corresponding to temperatures at one
standard deviation below and above the mean. The results for the OND113 oil
are more variable (up to 40% at worst) than those for the OK13 oil (up to 10%)
due to the wider spread of operating temperatures at given shaft rates.
However, this variability is not reflected in the eventual transfer function
predictions since these are governed in the case of the OND113 oil by the
housing stiffness (see section 9).

19



2001 000

20,000-

5000-

2000-

1000-

E 200-0

1 00-

50 So
o

30-

20-

w 10

4-0-

3.0-

2.0 I
-30 -20 -10 0 10 20 30W4 50 60 70 80 90 100 110 120

TEMPERATURE *C

FIG. 5 OIL VISCOSITY 112]

OUTLET OIL TEMPERATURE * C

i5 20 25 30 35 OM-1 3

15 20 25 30 35 40 45 s0 0M0-113
20

18 )m -13

16-

q 14 -
E

12
w

10-

4-

01

14 16 1s 20 22 24 26 28 30

INLET OIL TEMPERATURE OC

FIG 6 MEASURED OIL FLOW RATE AS A FUNCTION OF INLET TEMPERATURE

20 AMTE(w)064009



ii5

1.00

CALCULATED .9
CLEARANCE ........

c mm
.90

OwD-113

c -12tAjo . OM-13

"AVERAGE"

.75

.70 i_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
14 16 18 20 22 24 26 28 30 32 34 36

INLET OIL TEAPERATJRE C.

FIG 7. CLEARANCE ESTIMATES.

.01
100

j

Fo RL 12 n

o C (2+n )(1-n )

c- Fo

R L

.1

.01
AOl.01 .1 1

ECCENTRICITY RATIO n

FIG 8. GRAPHICAL AID TO DETERMINING ECCENTRICITY RATIO.

AMTE(N)R84009 21

.. ~A.



to$I

LOW' LOAOING *HIGH* LOADING

360' SHORT SEARING
APPROXIMATION

1 - 0M0113
z

UA Kyx

Kxy
LU

Kyx

U.
IL

I.- yKx

OMD 11 3

Cyy

w

U.

iL

0

z

5 10 15 20 25 5 10 Is 20 25

FI G. 9 STIFFNESS AND DAMPING COEFFICIENTS OF TEST BEARING

(SHORT 3600 BEARING APPROXIMATION)

AMTE(N)R6$ 009
22



Inn
0 to 0- to

ow om 0 0

OD 0 to
0- r4 0 4

-~ .~ ~ f ~4 r- S * S *

N 0 t, 0

o In

0g 0 m CM 0

m4 r-4*

n M4 M

NM 0

M~ 0 N0C Nr r 00 0
*L z4I M -

0 * C- H4 mI m co W O
rl w4 W* .- m

IDI 14 N

%o WD 0o in co
LA rq -4 -4

InN-0 K.4 K
-44r r.,,

00

0 + D '- I
OM 00 0~ s 14

-4 E

-4 CDID4V

4.4

IYIo 0M 1.n N S . 0

NM~ ~~~~~ NN 1 4M 0 !*4 -N -

1W 0

-P4-
b3O

.~ -. ~ 23



9. T. .SlZ.1JcTIOtPREDICTIOQp_

Expressions for the bearing transfer functions were derived in Part 1
and are summarised in Appendix 3. Although the mathematical expressions
derived are somewhat complex, the theory can be interpreted in a simple manner
with the aid of Figure 10. When the oil film damping coefficient is very high
(so that the bearing is very stiff ) the bearing is rigid to vibration and the
system behaves as a lumped mass on a spring (Figure 10a) with a resonance at

,V (housing stiffness / combined mass of housing and journal)

Below the resonance the inertances are determined by the housing stiffness

_ " __

-- -- = ( From A3.9 and A3.10 )

r) nFh n'h  kh

While above the resonance they are given by the combined mass

. .'h. 1 (From A3.15 and A3.16)

FY Fh F yj (mj+ mh)

At very high frequencies the journal and housing decouple ( Figure lOb ) so
that the point inertances are given by the individual masses while the
transfer inertances, which are reciprocal, begin to fall off with frequency
and are determined by the oil fi lm damping.

j1 -'b -

F. m. Fh  M%

C

F F.
h 3 mh

Thus at high frequencies the bearing becomes elastic if the oil film damping
coefficient is reduced (Figure 10c) then the frequency at which the system
decouples is decreased so that the bearing becomes elastic over a wider
frequency range. Some decoupling also occurs at lower frequencies,particularly
in the region of the oil whirl resonance (not shown) which mostly affects the
journal. Thus, if the oil film damping is very low the bearing will be elastic
over most of the frequency range except in the region of the system resonance.

Figure 11 shows the behaviour predicted from the full equations (A3.1
and A3.2) for both the high and low viscosity oils with the rig running at
lOHz under 'low' loading (low eccentricity). The transfer functions have been
converted to inertances for direct comparison with experiment by multiplying
by the square of the forcing frequency.

The predicted cross inertances are also shown in Figure 11 and are
predicted to be some 50dB down on the point and transfer inertances. These
show two resonances corresponding to the vertical and transverse vibration

24
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modes. In Lhis case the beaxing is no longer predicted to be rigid. Refering
to equation A3.17 it can be seen that the differences are due to the
contributions from the mass terms:

X. 1 1 ; 1
2 -

2
Fy] m. Fyj Fy h  %h j  Fy h

and inserting values for mj and mh gives the 7dB difference predicted between
the levels in Figure 11.

Shiaft .rate _depe!nde

As the shaft rate of the test rig increases, the damping coefficients
decrease (Figure 9) so that the onset of decoupling above the system resonance
occurs at successively lower frequencies (Figure 10). Thus, at a given
frequency the point inertances will increase with increasing shaft rate until
reaching the limiting value determined by the relevant mass. The transfer
functions, however, will decrease. In the latter case the limiting value
itself is determined by the bearing damping and this introduces a further
decrease with shaft rate. These changes can be seen in figures 14 and 16 which
show the inertances calculated for the test rig running at thre different
shaft rates with the two different oils.

The cross inertances are directly related to the bearing stiffness and,
at some frequencies, are proportional to the inverse square of the bearing
damping (equations A3.8 and A3.17). They will therefore increase with shaft
rate. Predictions for the test bearing are shown in figures 18 and 19.

Eccettrcty and its efqcs _911Recipjroci

The bearing stiffness and damping parrameters are dependent on the
eccentricity (Table 3.1) and are no longer expected to be symmetric when the
eccentricity is high enough to take effect. Figures 20 and 22 show the
predicted effects of increasing the eccentricity. The example used is that of
the test rig running at 5Hz with 013 oil since table 3 shows this to be the
case where the bearing is most eccentric. The eccentricity ratios assumed were
.38 and .66, the values estimated for the rig under low and high loads
respectively, and .98. The point and transfer inertances (Figure 20) are
hardly affected until the eccentricity becomes very high. The transfer
functions remain reciprocal.

The cross inertances are expected to decrease with increasing
eccentricity . The reciprocal cross inertances are also shown in Figure 22 and
indicate that with increasing eccentricity, reciprocity should cease to
apply;this is due to the asymmetry of the bearing stiffness and damping
matrices.
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Linear transfer functions were obtained for both the C1D113 and OK13 oils
with the rig running at 5, 10, 15, 20 and 25Hz and with the input forces
applied in turn to the housing and journal.

Figure 12a and 12b show the inertances measured with the rig running at
10Hz. The point and transfer inertances are compared directly with the
theoretical predictions in figures 13a and 13b.

oQrcngjBousIna (Figure 13a)

Considering first the results obtained when forcing on the housing it can
be seen that there is a very good agreement between the predicted and measured
results. The bearing is rigid in the direction of the applied force up to
around 50OHz when using the high viscosity oil while for the low viscosity oil
the bearing is rigid only in the region of the resonance. As predicted the
response is reduced on transmission across the bearing at frequencies above
the resonance .

The peak observed at 200Hz is due to the rotational mode of the housing
(table 2) which has been excited due to the unavoidable off-setting of the
input force. This does not appear in the theoretical curves since the
predictions are for a centralised force which would not excite this mode. The
deviation from the predicted behaviour above about 200 Hz is due to the
effects of other resonances seen also in the static point inertance (Figure 4,
Table 2).

The cross inertances are extremely noisy. Peaks can be identified at
around 70Hz (transverse mode), 120Hz (vertical mode) and 180Hz (rotational
mode). Away from the 70Hz and ]20Hz resonances the cross transfer functions
were predicted to be exceptionally low. These predictions could not be
validated as the measured results were very noisy. This noise was due to pick
up from the transducer transverse sensitivity in addition to the noise of the
running rig; there was also interference from other modes, such as the
rotational modes. Although the effect of the bearing could not be isolated in
these measurements, it must be very low, as predicted.

Porcina Jupal (Pigure 13b)

When forcing on the journal the results were very noisy up to about 70Hz
and were affected by a resonance at 50Hz which was later found to be due to
the effect of the static loading acting on the W mounts. Above 70Hz the
driving force was sufficient to overcome the rig noise and so produce true
inertance measurements.

A prominent resonance appeared at 220Hz in all measurements on the
journal when forcing on the journal but this was not present on the housing.
This resonance was found to be due to a very strong axial vibration of the
stator on the inner bearing which only set in when the bearing was operative.

At higher frequencies (above 600Hz) the point inertance begins to
increase with forcing frequency while the transfer inertance decreases and
this is in qualitative agreement with the predictions.

The cross inertances are again inconsistent with those predicted due to
noise and other effects.
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Figures 15 and 17 show the point and transfer inertances for OND1l3 and
OK13 oils respectively measured on the static rig and at varying shaft rates.
The variations are small, as predicted, and the increase or decrease with
shaft rate is in accordance with the theoretical predictions shown in Figures
14 and 16. The cross inertances were very noisy as already mentioned and it
was therefore not possible to confirm the predictions made for these in
Figures 18 and 19.

Zr~re~icitv Effects

In order to increase the eccentricity of the running rig extra mass was
added to the static load (an additional 50kg when running with OD113 oil but
only 30kg when running with 013 oil since the rig became unstable with any
higher load). Estimates for the increased eccentricities are shown in Table 3.
The transfer function measurements were repeated. The point and transfer
inertances showed little difference from the previous (low eccentricity) runs,
the only difference being that the resonance attributed to axial shuffling
shifted to a slightly lower frequency as did the low frequency resonance
associated with the action of the static load on the w mounts.

Figure 21 compares the inertances measured on the bearing under low and
high loading with the rig running at 5Hz with 013 oil. The variations which
occur are consistent with theory but are insufficient for conclusive
validation. Unfortunately the static load could not be further increased in
order to further validate the high eccentricity effects as the bearing became
unstable under additional loading.

The predicted decreases in the cross inertances could not be observed as
these measurements were noise limited.
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10. HWTr.JAT.IO

Part 1 [3, see also 4] developed a theory to describe how the non-linear
components of the bearing coefficients modulated the response to a force at
frequency w by producing sidebands at intervals of the out of balance force
frequency taken as the shaft rate n. The theory was applied to a 3600 "long"
bearing in the region where the system is dominated by the stiffness of the
housing and gave the levels of the upper sidebands (frequency W+O) relative to
the fundamental response level as

x i ( ,+n)
x Wx (_ ) _ A

y.( w+n ) knl2

Yj,,) _____
2

Xh(w)

Yhb+n ) m n2

yh(w) 4K

3n P 0
where 4 = ...

It was assumed that the dynamic force was acting on the journal (Fyj) and that
the bearing stiffness was of the same order or greater than that of the
housing (K A k). These expressions should therefore be valid in the case when
OMD 113 oil was used. Unfortunately, as the rotor was inaccessible there was
no way of measuring the out of balance force F0 . The theory does predict,
however, that the levels of the upper sidebands should differ according to the
relative directions of the applied force and measured response: Using the
bearing parameters given in Table 3 it was estimated that for a forcing
frequency of around 80HZ, say, the first sidebands on the response in the
direction of the applied force would be some 20dB (on the journal) to 40dB (on
the housing) lower than the responses perpendicular to the applied force.

Part 1 [33 also reports a numerical investigation of the modulation
effects of a theoretical bearing for which the housing behaviour is determined
by its stiffness. These calculations have been repeated using the parameters
relevant to the bearing test rig assuming an out of balance force around 2% of
the static load. The results suggest that for a dynamic force at around 80Hz
the first order sidebands would be some 70dB to 80dB and some 50dB to 60dB
down on the fundamental in directions parallel and perpendicular respectively
to the applied force.
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An experiment was performed on the test rig to investigate these
predictions. The rig was run at a shaft rate of around 1OHz and the
accelerations were measured at all four response positions for the case of (1)
no external force, (ii) with an 81Hz 20N force applied to the journal and
(iii) with an 81 Hz 25N force applied to the housing. The results for (i) and
(ii) are shown in Figure 23. Two sets of lines can be seen and are due to out
of balance at shaft rate and at the belt drive frequency (fbelt = 2/3 fshaft
), the latter being the more pronounced. The forced response at 81Hz is only
some 40db to 50dB above the general noise level in the direction of the
applied force and less than this in the perpendicular direction and hence the
sidebands due to modulation (if present) were not apparent. The differential
between the forced response and background noise could not be significantly
increased to render the sidebands visible. Attempts at increasing the applied
force introduced distortion while increasing the number of averages used in
producing the spectra had no significant effect.

An effect which was not expected is the upward shifting of the system
frequencies by about 1 Hz when the external force is applied. (Although these
appear to become sidebands to the fundamental in the example in Figure 21
this is not the case; a second set of measurements with the input force at
83Hz showed the same 1 Hz shift to the right but in this case it was clear
that the lines were not becoming sidebands to the fundamental). This effect
could not be explained and requires further investigation.

The frequency shifting effect was also observed when the force was
applied to the journal. However, the results are not shown in figure 23 . In
this case the measurements showed that when the rig was running the input
force itself had sidebands on the fundamental at intervals of shaft rate and
belt rate and these were most likely due to out of balance effects. As the
input force was itself modulated it would be impossible to distinguish whether
any apparent modulation on the response was genuinely due to bearing induced
modulation or due to response to the modulated force.

A second set of measurements was performed forcing the system at 553Hz
which occurs in the region where the massive housing approximation applies.
The results are shown in Figure 24 . In this region the system noise is
essentially featureless so that lines introduced in response to the applied
force could clearly be identified. These lines were sidebands to the
fundamental at frequency intervals of both shaft rate and belt drive
frequency. Examination of the dzive force spectrum showed that when forcing on
the housing the input force consisted of a single line at the specified
frequency and this was some 80dB above the flat background noise level. As
there was no sign of modulation on the input force itself in this case the
sidebands seen on the response could confidently be attributed to modulation
induced by the bearing.

Appendix 4 develops the theory derived in Part 1 [3] to explore the
effects of modulation at the frequencies for which the "massive housing"
approximation applies. In this case it is shown that for a stiff bearing
(K-CQ/2 ) wn(m +mh)/2 ) which is forced on the housing at a frequency well
above the out ol balance frequency (wn) the amplitude of the upper sideband
relative to that of the fundamental is given by
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x j (t+n)
A

x ( )

y (W n). j xj

y1 (w) c 2( mJ+h)

xh("A*)

yh ( u)+n ) KM K2

Yh(W )  C2(M

3F0 noK
2a2h

where A* -

Inserting the relevant parameters for the test rig running at lOHZ suggests
that the relative levels of the sidebands in the direction of the applied
force should be some 50dB lower than those perpendicular to the applied force.
Examination of Figure 24 shows this is not observed in practise.
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11. DISCUSSION

Linr nsfer Functions

The agreemnt obtained between the predicted inertances and those
measured when forcing on the housing is highly satisfactory (Figure 13a) and
lends much credence to the theory developed. While the results obtained when
forcing the journal (Figure 13b) are consistent with the theory it is
unfortunate that they were very noisy at low frequencies and, the point
inertance in particular, suffered from the axial effects at higher
frequencies. These effects also prevented a conclusive check on the
reciprocity of the bearing. Nevertheless, since the differences between the
two transfer functions are small in regions not affected by spurious effects,
it seems reasonable to conclude that reciprocity does apply.

Measurements on the cross inertances were disappointing since the noise
on these precluded a validation of the theory. It is fair to comment, however,
that the true cross transfer functions of the bearing will be very low, as
predicted.

In retrospect, the problems arising from noise and axial effects may
have been overcome to some extent by improvements to the test rig. Such
improvements will be discussed later in this section.

Non Linear Effegts - Modulation

The theory developed in Part 1 and extended here in Appendix 4 predicts
that the out of balance effects within a bearing can modulate a transmitted
force inducing sidebands at intervals of the out-of-balance frequency.
Experimental work on the bearing test rig confirmed that the responses to a
pure monotone force applied to the bearing could be modulated in this way.
Unfortunately when applied to the journal the force itself was modulated so
that the modulation seen on response could not be uniquely attributed to the
bearing.

Quantitative agreement between the theory and experimental results was
not achieved. As there was no provision for measuring the out-of-balance force
on the test rig the levels of the sidebands relative to the fundamental could
not be predicted. The only numerical test available was the comparison of the
modulated responses in directions parallel and perpendicular to the applied
force. The theory estimated that the relative levels of the sidebands in the
directions of the applied force should be some 50dB lower than those
perpendicular to the applied force when forcing at around 55OHz. Examination
of the measured results shown in Figure 24 shows that the relative responses
on the journal are the same for both directions while those on the housing
differ by around 15dB.

Thus, while experiment does confirm that modulation can occur on
transmission across the bearing, the results do not conform with the
theoretical predictions. The theory derived was for a 3600 'Long' bearing.
Better agreement might be obtained using the short bearing approximation. The
short bearing coefficients were used when defining the linear transfer
functions and have been seen to give excellent agreement with measured
results. The corresponding coefficients for the long bearing were some three
times larger and caused the onset of decoupling to be shifted to higher
frequencies so that the agreement between experiment and theory was not so
good numerically, although they were qualitatively consistent. These results
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have not been presented as the short bearing approximation gave better
agreement and, since the bearing had an L/D ratio of unity and the oil supply
ensured an axial flow, was probably more valid. It therfore seems quite likely
that the short bearing approximation would lead to better agreement in the
modulation results; this should be explored further.

As the modulation theory has not been substantiated by the test rig
results, it cannot be sensibly applied to the bearings in marine gearboxes.
Thus although the sidebands observed in these gearboxes (3] may well be
introduced by the bearings, this cannot yet be confirmed.

JM~pyemnMp tothe ea U~g

Several deficiencies have been identified in the bearing test rig which
have limi~ted the value of the measurements made. Some improvements could have
been effected by slightly different design of the rig, these will be discussed
briefly here as they may serve to guide future research.

A major difficulty in designing the test rig was the method for
inputting a known force onto the journal. While the method used afforded some
satisfaction the results were noisy and complicated by the axial resonance.
The only axial constraint on the design rig was that due to the hearing seals
and the mechanical restraint of the forcing arm.

The forcing system was very difficult to met up due to the limited space
available inside the stator. The rig could have been built on a larger scale
in order to make the interior more accessible. Some errors may have been
introduced by misalignment of the internal transducers; these would have been
overcome by improved accessibility.

Another major set back was noise, particularly on the cross inertances.
To overcome this the input force would need to be increased, this could not be
done with the equipment available without producing unwanted distortion to the
input force.

Experiments on the test rig were halted when metallic deposits began to
appear in the drained oil. On dismantling the test rig the outer surface of
the test bearing was found to be badly pitted. A more substantial surface than
the sprayed white metal used would have allowed further tests to be taken; The
effects of modulation could then have been explored in more detail.

Another deficiency of the test rig was that there was no provision for
measuring the out-of-balance forces. Although the rotor itself was not
accessible, the drive plates connected to the ends of the journal could
possibly have been modified to facilitate the use of test masses to give a
measure of the shaft rate out of balance.
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12. W9WPjJQ~h

The theory developed in Part 1 to describe the linear transfer functions
of a hydrodynamic bearing has been supported by measurements made on the
experimental test rig.

It has been shown that an operational bearing may affect vibrations
being transmitted across it: While bearings are often assumed to be rigid to
vibration it is possible for the bearing to act as a damper if the stiffness
and damping coefficients of the oil film are sufficiently low. This suggests a
suitably designed bearing could be used to reduce the level of vibration being
transmitted. However, as a reduction in the bearing stiffness would lower the
static load capacity (See section 7) some compromise would have to be reached;
Further discussion of the operational feasibility of a low stiffness bearing
is beyond the scope of this work.

The theory also predicts that in general the transfer functions across
the bearing should be reciprocal. The only exception to this is for high
eccentricity bearings (no- 0.7, say) and even then only the cross inertances
are affected.

A theory was developed in Part 1 to describe how non-linear effects in
bearings can modulate transmitted vibrations by introducing sidebands to the
fundamental at intervals of the out-of-balance frequency. Experimental results
were not consistent with the theoretical predictions, but this is most likely
due to the application of the 'long' bearing approximation to a test bearing
which was, probably, 'short'. The measurements did, however, confirm that
modulation can be introduced on transmission across bearings. Thus bearings
could well be the source of the modulation observed in marine gearboxes.

L.V.EMBLING (HSO)
C.J.JENKINS (SSO)
P.J.MEYER (ASO)
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ADXtPAP.TION! N EARIGS-

The major causes of vibration in bearings are journal out of balance and
fluid film whirl.

Vibration due to out of balance is sometimes known as synchronous whirl.
In this case the journal rotates about its geometric centre until reaching an
"inversion" speed at which it begins to rotate about an axis through the
centre of gravity (Figure Al) thus causing vibration at shaft rate.

For a properly balanced rotor the main cause of vibration is fluid film
whirl which is purely hydrodynamic in origin if the rotor is rigid. If static
equilibrium were maintained between the hydrodynamic forces of the fluid and
the load on the journal then the centre of the journal would remain fixed
relative to the bearing. The locus of possible positions of the journal centre
is approximately a semi-circle in the bearing clearance (6] - Figure A2a.
Under certain conditions static equilibrium is no longer maintained and the
journal centre may trace a steady state closed path as indicated in Figure
A2b; this is the condition known as stable whirl and is similar in effect to
out of balance. In some cases the dynamic state may be unstable and the
journal centre traces an outwardly spiralling whirl path (Figure A2c); since
in most practical bearings the orbital frequency of the whirl path is
approximately half the shaft rate this is often known as half frequency whirl.
If the journal axis remains parallel with the bearing the whirl is said to be
translatory; if the journal axis gyrates the whirl is conical.

As the shaft rate is increased it passes through a critical speed
corresponding to the resonance frequency of the system, often approximated by
(1/2T)v( journal stiffness/journal mass). At speeds above twice the critical
speed resonant whirl, or whip, may occur. This is a complicated effect arising
from both the flexibility of the shaft and the oil film hydrodynamics. In this
case the whirl frequency approximates to the critical frequency.

The frequencies of the different types of oil whirl are sunmarised in
Figure A3.
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FIG. A3 WHIRL FREQUENCIES IN RELATION TO SHAFT RATE

55
AMTE( NRS4009 AMTE(N)RSO09



AP tN!ix2,_ Q.P W r 0UGHEARINGS

The oil flow in hydrodynamic bearings consists of two components, the
flow due to the pumping action of the bearing and the axial flow due to
leakage:

Pumped FlOW

The oil flow rate due to the pumping action of a 3600 bearing is given
approximately (Chapter 7 of (13]) by

S= UcLn A2.1
p 2

where U = Rn is the tangential velocity of the journal surface.

LeakAge Plow

This is the oil flow resulting from the pressure oil feed and depends on
the external feed pressure and the geometry of the feed port as well as the
oil viscosity and bearing clearance in the vicinity of the feed port. Oil is
normally fed into the bearing in one of three ways which are i) a
circumferential groove, ii) a feed hole and iii) feed pockets. Different
exp-essions apply for each of these cases (Chapter 7 of [13]) for the leakage
oil flow out of both ends of the bearing; these are summarised in Table A2.

TABU-2 OI-fW

Circumferential 
2ff c 3p 0R [ + 3n

2

groove 3 p L 2

R3P Q* *

Rc p 0 Q Q is a coefficient
Entry port determined by port

12 g L geometry.
h30

Hole, diameter D h pD Qd Qd 1.2 + 11 _S L
at azimuth angle 

9

12 I L h c ( 1 + n cos )

h3pOR Q

Axial slot, length 1 0 Qo 0 L 1-
infinitely narrow. 6 g. L Qgo - 1

c3P0R 4 Qo

Two slots g = 2(l+3n -3n 4

6 g L

3

Two grooves c 3p 0 R C 2b 1
finite width b Q +
length 1 6 I L R(1- l/L)
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Cameron (13) recommends that the oil flow rate from the bearing be used
to give an estimation of the bearing clearance which often closes in as the
bearing temperature increases. It is suggested that after running at the
required temperature the journal should be rapidly brought to rest and the
static oil flow out of the bearing be measured immediately. This procedure
eliminates the pumping component so that the clearance may be evaluated
directly from the appropriate expression in Table A2.

With the journal at rest the eccentricity ratio becomes equal to unity so
that h=2c for a hole at the top of the bearing and hence

9C3PoD Qd

Q 0--d
12 g L
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Part I of this report [3, see also 41 showed that the bearing response
{x) to a harmonic force IF) is given by

{x - (HI -1 A3.1

where

(H] 2 [~mj [ ] +~ I'j k + -"'IJ + j. [c [C] JCJ A.0 h 0 N 1 [9 19

and [mj] and (mh] are the journal and housing mass matrices and
[kj] and [kh] are the journal and housing stiffness matrices.

(K] and (C] are the journal stiffness and damping matrices which, for bearings
of low eccentricity, are given by

r- 2 and CC] c long 3600
An [ A bearing

-Tc oc

A3.3

(K] 1 and (C] j short 3600

0 j bearing

where 
B= L3L _

c 127 R

so that for a bearing with L/(2R) ratio of unity the short and long stiffness
and damping coefficients differ only by a factor of three.

Under the action of a single unidirectional force {F)T = (0 ... F)... 0)
the transfer functions are given by

x. ..
i _ 1) A3.F. I31
)

where aij are the cofactors of the element Hji.

To simplify the calculation of the cofactors aij and the determinant of
the matrix [H] two limiting cases were considered where the rotor was assumed
to be rigid and the housing was taken as being either very stiff or very
massive.

i) Msvime. Ju.a irt La vezy PAtf hoqmang

The effects of journal stiffness and housing mass were neglected so that

all"22 k- (j2)[ [2] [ ] 12 k 2mw w i c (2m w k)
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zh,. ME.1.. LINE.ARISED REARING ~COIDITS.
Long Shost short

360o 36O _ 1S0

X 0 1 O(2+no
0 )-2)

_)_ _ _ _ (2-n2)
3

2 4
An __ _ _ _ -X( -2+2no+no( D-i))

x 1/2 2c(-n23/2 (1-n°)
7

/
2

0 0 0 2

0 (+n 2 ,(+2D)+n04(2D-2))
yx 0 0_20 04

(i-n 2 )

x 2 2 2 2 4 22 0 ) 4

-( 2 - -+2n ) -,ffI( +2n 0 ) - xw( +n 0( 2+2D)+n( 2D-2))

K 0 0 0__ _ I. 0__ _ _ _

-A 2 23/2 (22 1/22 2-)
0 0 0 (

2xx c(n -2) 
3 / 2  

c(2-n 2)/2) 2n (2-n2)5/2

-X2n (2)+n2(2-D))

CXY n (1-n23

-2A -ff3B -Xiiii+n 2 )+4)-2A~ ~ -w(1n ( 3--2 0.o
Cy c(2:+n2 )(2- ,n2 )1/2 C(In 2)3/2 2n (2-n 2)7/2

0 0 0 0
2

-X2n (+n 0 (2-D))

a(2-n23

x i~pLEE .n _I ~ T , 2 416f
2 2 2c c c f

2%RLE A3. 2. M LINEA..,E.IS IN ,RING (DPCInIs

Long 360
o  

short 360.

KX 0 0

3mc 3f 30w.ol0

3y 2 2+ 2 2 3/2 2c2(2-n 2)5/2C (2+no) (i-n 0 )2C(-)

3 2 4 2

K -3AXn0 0-2n0+3n0 ) -DfltmO (944n )
YE 2 2 3 2 5/2 2(2-n

2 )
7/22C (2+n 0 ) (i-n0 )2(n

0 2
S -3Arno

. 2 (2+n0 _n2 n3/2

C o "-Bw 0( 0 
)

x 2(1-n 2)
5
/2 / 2-no2

)
7/i

CXY -Ayn 0  -3wnYn°

c 2 2 2/22 22yx c (2+n )(2-n2)3/2 C2 (-n 2)5/2
0__3_0_--- 0_ _

I -4n~x -fe~m °
Cyy I 2 22 23/2 2 25/

0 (o) (i-n0 ) C 1-n 0 )
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a 1 2  -a 2 1 k K

a 13- a -a31" '42" (k -m 2) [2 K 2  -(C)21 -, C km to2

a 1 4" - 2 3 - a 3 2 - ' 4 1  km W2 K

34a 34- '"43- (m i 2) 2

a 33- a44- (k - m W 2 K - (CW)2 + k (mW 2 + i CW m. 2 (m.W 2- 2k) A3.5

and

IHI - (k - m.u 2 )2 [ K2 
- (CW) 2 ] + k2(MIW2) 2 - i C2 2km u2 (k-mju 2 ) A3.6

where the housing stiffness k was assumed to be the same in the x and y
directions (kx=ky) and K=An/2c C=A/c (long 3600 bearing).

By setting I HI = 0 resonances were predicted at frequencies w = A/2
(whirl) and w = %(k/mj).

The frequency range for which the stiff housing approximation applies on
a real system is limited by the system resonance. Thus, since we are
interested only in frequencies above shaft rate

W •k / 1/2 A3.

true system predicted resonance
resonance for stiff housing.

In this region the transfer functions for a dynamic force applied to the
journal in a vertical direction become

x -K xh -2mjK
= = A3.8

2yj C2W2 Pyj kC2

y 1 m i
- - -+ -1 + -

Fyj k C2  WC

1 mn 2  in 1
+ + K2 ,m ?k, K -k

k 4K2 2wK k W

in K2 ,a 0
-- m) n K cc k

-c K U XJ K -

mn2 K2 • n 2k K m nW
492j j

A.9
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22 2

Yh1 
( )2 i2m .2

+ - + - A3.10
F k k(WC) 2  kwCyhkC

2
Yh I i m .W

Pyh k cwk

1 2
- WC %),m W 2

kJ

2
in

WC << m.u 2

Cwk ]

A3. 11

Note the bearing is rigid at lower frequencies but loses this rigidity when

the stiffness decreases.

ii )_Massive iournal in massive housing.

The effects of both journal and housing stiffness were neglected giving

a ~ -i a )m2[ K 2 _ CW)2] _M2W6+ i CWmhw 4)2
11-j 22 -j+ -h~ AD% Cu nh

a 3 a 4 - m y 2[ K 2  _ (Cu) 2] _M 2 %w 6 + i ccMt u4  + 2U33 47 (mm+jmlhw + ' Cwljm j+ mh)

2 4
a12 -a 2 1 

' 
mhW K

2 4

a3 4  -a 4 3 ' r u K

a13- a247 a31- a42 -(mJ+ mh)w 
2 [ K2  (Cu)

2 ] + i Cu mjmhW4

4
a 14 -a 2 3 - a3 2- -'41- -jmh K A3.12

2[2 4 2 2 2..

W1 4 ,(m.+ mh) 2  K2 -(C) 2 4 w - i Cu A3.13(m)i+ ,5h) 2  (m)+ .5h)

In this case only the whirl (u - n/2) resonance is predicted.

These expressions simplify when the following conditions are satisfied

M W u C ! c[ + ] A3.14

01

_.°,
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The transfer functions are now given by

2

:I -i 2 X- 2__2_A3.15
F (a .4 mh) (Cw) (MF (m+ )(

F 2 % 2

w(M j+ mh) (m,+ znh) C (M j + %)2,X
-1 C12 C( h

2 (2m + mh)

0 112C[ + % 1 j1/ 2  C(2UI1+ ny)

I ID%)2 C2 h mj J

%h(20+h C (M + TA-) COtn+u
J+% 2 1 w << j+h A3.16

C toi+m) Izy m +i~ m h))

1 -(M 'N

2 2 hF

-- i fin(m-J4 2 3h) C (mj+mh) A1

C(m 'mh ) w "in mI

At very high frequencies (b) 2C(Mj4 Mh )/uj% ) the transfer
functions become

24 2 A3.19

FY mI wFyj 2mjh

1 ~ Yh C 31

2 3 .1
F Y m0 F mIhw



Note Do recipZ: 'ity

Noting the symmetry of the inverse matrix [H] in the two sets of
approximations discussed above it can be seen that for low eccentricity
bearings

Point X y Y a ith Y_ a33
= - = A3.20

Receptance F 11 F F3 131xb ph N

Transfer x Y xh Yh a13
Functions = = - -- . - A3.21Fxh Fyh F xj Fyj IHI

Cross Transfer x _ -Yj Xh -YhFunctions X -lF~f~t~fS p p IHI
Fyh h Fyj x]

A3.22
xj -y -a 21 Xh _Yh '43
FF i 151 ' F F~ 151Fyj X3 xh

where the forces are acting in isolation on the journal or housing in the x or
y direction as indicated by the subscripts.

If the eccentricity is increased so that the bearing stiffness and
damping matrices lose their symmetry then reciprocity will then cease to apply
to the cross transfer functions.
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Part I of this report [3, see also 4] derived the levels of the sidebands
due to modulation in response to a force applied to the journal at a frequency
for which the housing inertance followed a stiffness line. This appendix
extends that theory to consider the effect of a force applied to the housing
and to explore modulation in the frequency range where the housing inertance
follows the mass line.

FORCE APPLIED TO THE HOUSING.

For a force F of frequency w applied to the housing in the direction of the
static load and an out of balance force F0 at frequency n equation V.21(a) of
(4) becomes

F1 - F0 sin nt

F2 = FO COS nt
F3 - 0
F 4 - F cos Wt

Now from V.10 of [4] we have

S-I 1

G. A Fk - M Fk  A4.1CV ik

and including the housing mass in [M] this gives

1 1
G. = -I -- F. i=1,22

cv m.

1 3
G. = 2 .. F. i-3,4 A4.21 2

cv

so that

1 1 1 1
G = 2 FoSinnt G =- 2 FcoSt

cv m. cv m.
3 3

G- G 1- F coswt A4.3

3 G4  2
cv

The linearised response (V.22) is now given by

r (l) F sinflt r (n)~ F cosft r (W) Fcosut
(-i) 1+1 1  ( O + )2+i 21 0 + (-1 )4+i 4i 2

JR(n) Imjcv 2  IR(n)Im cv JR(w)Imh cv

A4.4
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while the perturbed response is still

(- )1+i
V. = r --- r li(W) P1  r 2 i( ) P2 + r31(W ) P3  r 4 i(w ) P4resultant IR(w)l

frequencies

-1
with p.- A. 1 Nil I~ M x)u 1

However,retaining the housing mass in the matrix [M] we have

-1
[N] - 1

ij M

where
8..- 0 ij . m. i1,2 A45

1) 1 ) %.

- I i-j mh  i-3,4
and so

- h3An 1 Uu)P -m P3 M [(ul-u )(Ul-U3)+ 2- (U 4 -u 2-4
m. m.cv

] ]
A4.6

- mh 3An o

P2  - - P 4  - - (u2-u 4)(u-u3)
m. m icv] ]

Thus the equation for the perturbed response (V.22a) becomes

V m rr (,w )I 2v--),resultant -)I m p, - r 2 i( ' ) -21r i )

latR(w mhm h

frequencies A4.7

MASSIVE HOUSING APPROXINMTION

The coefficients rij are the minors of the matrix [R].
Now since

S M [H] we find R
S2 ij v M i

and hence it can be shown that the minors ri] of [R] are related to the minors
"lj of [H] by

05

tf



1 1

1) 6 2 ij i=1,2
Id m~m.

1 1
ai3,4 A4.86 2 1'imjmh

while 1 1
8 2 2
V mj mh

Now the approximations for aij and IHI are given in Appendix 3.
These simplify when the bearing stiffness and damping are high

422 2
2 M 2mh Cu 2m 2t

(K 2 _ (CW) 
2 ]  - Ph 2 and >>

(m.+ =h )  (m+n)

So that for n and for w - n we now have

62 m+)2 -3 6C2(mj 2IH(w)I -W h C (mj and H(n) 4 +mh)

a (w) a 2 2  a(W)a 4 (w) w4C2(mj+mh) or n4c2(mj+mh )  when =n

a12 - a2 )2 a 3 4  a4 3  4 h K or n 4K2 when w=n

I i
42 3 n4C2(Mwhno=

a13 - a 2 4- a 3 1 - a4 2 - ) or ---- fC(when =

-1- -a23" a32= -' 41 -Mjmh .4K  or -M jm n4K when aL-n

A4.9

and so

-1 (mh)2 6 c2 or 3 (m+ mh ) 2

IRI - C when w-n8 2 2 4v8 r 2 2
V mm 4v mm

j h jh

m m. 1- (mj+mh) 4 2 or 3(mj+ Mh)n4c2 h
r r r -r =-w C or11 22 33 44 v 2 6 22 when

vMjff', 4v mjmhr

r r M -mh 14K o n 4 K hn
12 21 34 43 6 or 6 when w

mj m v m V a

m mw r 4C2 (m J+mh) o 3(m+ mh)n4C
2

r4 - 6or 6when -
mh~ ~ 4 6hV M iVMjM

v s~mME62



M. -M. w4 K -4 K
r,, r2- 3r 32-2r 41 or 6when w---

Ohf mh V Mh V M A4. 10

Furthermore

M. M. m. M.

r 1 -1, 3 1 r 1 3 3r 3 3  r 2 2 ----- r 42r 27---?r =4-0

r~ m M w4K M__h o f K (mj+ m.) when w-fl
12- 32121 1 6

r -m r=- m r4- +hor 0K( j h when wu-fl
14- 3r 23 43J 6 2 or 62

A4. 11

Hence the linearised response is given by

- 1 -I - PFsinft +-- nL n! F.-co

Ic(M .+mh) A 0 C2 [ 2 Fcj 3mt- no2 t

K2

u = 4 mh Fsinfit + - F cosfit + - COBw
2 ( + 3C fi (m.j+% ) 0 n2 o0 2

-1 1 Km mh [4 M
-- - F sinflt+- 0 2oa -Pow

3C(M.4%m) n 2 C 2(ml~h n2oM

C(j% 3A~2 C 2 ( +) n ~ 2o w2

A4.12

So that

-1 1 K __ 3~-Fow
u -u3  2 F coo fit - 2 o wt

13 c (Mu.+Mh) C2 M 2 o

-U 2 {s Fin fit + }iu
13 c(M m. 2 3f2l 2 V

and

u u h - init
U 2 U4  C (u.+m) 22
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u2-u =- 
F cosant

2 4 3M 2 (M03cf ( mj+mh ) Cv o

Thus we find 
A4.13

Q 
2

PI= 2 mh 2 sin20t m 2 F 2w sin2wt +

3a n2  4 'h0j 2.4

4 mh 

3n 2 2 (w+n)sin(wn)t + (-n)sin(w-n)t ]

P2= Qmh 2 I_2 mhn F° (1-2coslt )+ 4 m W(cos(n+w)t-cos(w--f)t)

2 r 3 2 2

A4.14

where Q 3An 0 K 1 12

m cv cc (mj+M h

and the perturbed response is

V 1 -mhP 2

Vj C2 mm ) e K I p A4.15V3C2( m)resultant W m iP 2

V4  i frequencies -Mi p I

Finally we find the relative amplitudes of the modulated response compared

with those of the fundamental

V. ( W') from A4.15

1 relative u. ( W ) from A4.12
1

Considering, for example, the first upper sidebands (w'= +n) we find

V 12 1
V 2 3 F o n oK2 / C(mj+mhA)

V2j -- 1 A4. 16
V3  2 c3CmJ+mh) 2 2
V4  Im M / C2(mj+mh )

relative
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